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MATLAB INPUT CODES 
 
Analytical Solution: 
 
% ME-400 
% Free Vibration for Viscous Damping. 
clear all; 
clc; 
%----------------------------------------------------------------------
---- 
%This program solves the ODE of the Free-Vibration-Viscoulsy-Damped 
% system analytically. 
%----------------------------------------------------------------------
---- 
%Input Data------------------------------------------------------------
---- 
m=200;              % mass 
k=1000;             % stiffness 
c=100;              % damping 
  
% set initial conditions 
xo = 5.0; 
vo = 1.0; 
  
dt=0.05;  % integration time step size 
n=400; 
tmax=dt*n; 
t=[0:dt:tmax]; 
%======================================================================
==== 
%Main Program 
%ANALYTICAL SOLUTION 
  
% Response characteristics 
omega=sqrt(k/m); 
cc=2*m*omega; 
ci=c/cc; 
  
if ci==1; 
    disp('Critically Damped System...') 
    gamma1=omega*ci; 
    gamma2=omega*ci; 
    c1=xo; 
    c2=vo+omega*xo; 
    x=(c1+c2*t)*exp(-gamma1*t); 
    dx=-gamma1*exp(-gamma1*t)*(c1+c2*t)+c2*exp(-gamma1*t); 
     
elseif ci>1; 
    disp('Overdapmed Damped System...') 
    gamma1=omega(ci+sqrt(ci^2-1)); 
    gamma2=omega(ci-sqrt(ci^2-1)); 
    c1=-(xo*omega*(ci-sqrt(ci^2-1)+vo))/(2*omega*sqrt(ci^2-1)); 
    c2=(xo*omega*(ci-sqrt(ci^2-1)+vo))/(2*omega*sqrt(ci^2-1)); 
    x=c1.exp(-gamma1*t)+c2.exp(-gamma2*t); 
    dx=-gamma1*c1*exp(-gamma1*t)-gamma2*c2*exp(-gamma2*t); 



     
else ci<1; 
    disp('Underdamped Damped System...') 
    %gamma1=omega(ci+i*sqrt(1-ci^2)); 
    %gamma2=omega(ci-i*sqrt(1-ci^2)); 
    %c1 = 1/2*sqrt(1-ci^2)*(omega*ci*xo-omega*sqrt(1-
ci^2)*xo+vo)/(omega*(-1+ci^2)); 
    %c2 = -1/2*(omega*ci*xo+omega*sqrt(1-ci^2)*xo+vo)*sqrt(1-
ci^2)/(omega*(-1+ci^2)); 
    %x=c1.exp(-gamma1*t)+c2.exp(-gamma2*t); 
    %dx=-gamma1*c1*exp(-gamma1*t)-gamma2*c2*exp(-gamma2*t); 
    % or 
    omega_d=(1-ci^2)^(1/2)*omega; 
    c1=xo; 
    c2=(vo+ci*omega*xo)/(1-ci^2)^(1/2)/omega; 
    x=exp(-ci*omega*t).*(c1*cos((1-ci^2)^(1/2)*omega*t)... 
        +c2*sin((1-ci^2)^(1/2)*omega*t)); 
    dx=-ci*omega*exp(-
ci*omega*t).*(c1*cos(omega_d*t)+c2*sin(omega_d*t))... 
        +exp(-ci*omega*t).*(-
c1*sin(omega_d*t)*omega_d+c2*cos(omega_d*t)*omega_d); 
end 
  
z(:,1)=x; 
z(:,2)=dx; 
  
figure(1); 
subplot(1,3,1) 
plot(t,z(:,1)) 
xlabel('time') 
ylabel('displacement') 
grid on 
  
% plot velocity result 
%figure(2); 
subplot(1,3,2) 
plot(t,z(:,2)) 
title([' ANALYTICAL SOLUTION   ','\zeta =' num2str(ci)]) 
xlabel('time') 
ylabel('velocity') 
grid 
  
% Phase plot displacement Vs. velocity 
%figure(2); 
subplot(1,3,3) 
plot(z(:,1),z(:,2)) 
xlabel('displacement') 
ylabel('velocity') 
grid 
 
 

(end of analytical solution) 
 
 



MATLAB INPUT CODES 
 
Numerical Solution: 
 
Main Program: Free_Vib_Viscous.m 
 
% ME-400 
% Free Vibration for Viscous Damping. 
clear all; 
clc; 
%----------------------------------------------------------------------
---- 
%This program solves the ODE of the Free-Vibration-Viscoulsy-Damped 
% system numerically. 
%----------------------------------------------------------------------
---- 
%Input Data------------------------------------------------------------
---- 
m=200;              % mass 
k=1000;             % stiffness 
c=100;              % damping 
% mass, stiffness, damping ==> dfunc1.m  !!!!!!!IMPORTANT!!!!!!!! 
% set itegration parameters  
dt=0.05;  % integration time step size 
n=400; 
tmax=dt*n; 
tspan=[0:dt:tmax];  % integration time interval from t=0~tmax 
  
% set initial conditions 
xo = 5.0; 
vo = 1.0; 
z0=[xo,vo]; 
  
%======================================================================
==== 
%Main Program 
%NUMERIACL SOLUTION 
% Solve ODE (eqt. of motion) using Runge-Kutta method 
[t,z]=ode45('dfunc1', tspan, z0); 
  
% results are returned in an array z, where  
% z(:,1) is the displacement vector 
% z(:,2) is the first order time derivative of disp, i.e., velocity 
% plot displacement result 
  
% Response characteristics 
omega=sqrt(k/m); 
cc=2*m*omega; 
ci=c/cc; 
  
if ci==1; 
    disp('Critically Damped System...') 
elseif ci>1; 
    disp('Overdapmed Damped System...') 



else ci<1; 
    disp('Underdamped Damped System...') 
end 
  
figure(1); 
subplot(1,3,1) 
plot(t,z(:,1)) 
xlabel('time') 
ylabel('displacement') 
grid on 
  
% plot velocity result 
%figure(2); 
subplot(1,3,2) 
plot(t,z(:,2)) 
title([' RUNGE-KUTTA NUMERICAL INTERGRATION SOLUTION   ','\zeta =' 
num2str(ci)]) 
xlabel('time') 
ylabel('velocity') 
grid 
  
% Phase plot displacement Vs. velocity 
%figure(2); 
subplot(1,3,3) 
plot(z(:,1),z(:,2)) 
xlabel('displacement') 
ylabel('velocity') 
grid 
  
 
Function dfunc1.m 
 
% dfunc1.m 
function f = dfunc1(t,z) 
  
%Input Data------------------------------------------------------------
---- 
m=200;              % mass 
k=1000;             % stiffness 
c=100;              % damping 
%======================================================================
===     
  
f=zeros(2,1); 
f(1)=z(2); 
f(2)=-c/m*z(2)-k/m*z(1); 
  
%return 
  
% Response Characteristic 
omega=sqrt(k/m); 
cc=2*m*omega; 
ci=c/cc; 
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% ME-400 
% Free Vibration for Coulomb Damping. 
clear all; 
clc; 
%----------------------------------------------------------------------
---- 
%This program solves the ODE of the Free-Vibration-Coulomb-Damped 
% system numerically. 
%----------------------------------------------------------------------
---- 
%Input Data------------------------------------------------------------
---- 
m=10;                   % mass 
k=200;                  % stiffness 
mu=0.5;                 % dry damping coefficient 
% mass, stiffness, damping ==> dfunc1.m  !!!!!!!IMPORTANT!!!!!!!! 
% set itegration parameters  
dt=0.05;  % integration time step size 
n=160; 
tmax=dt*n; 
tspan=[0:dt:tmax];  % integration time interval from t=0~tmax 
  
% set initial conditions 
xo = 5.0; 
vo = 0.0; 
z0=[xo;vo]; 
  
%======================================================================
==== 
%Main Program 
%NUMERIACL SOLUTION 
% Solve ODE (eqt. of motion) using Runge-Kutta method 
disp('Numerical Integration...') 
[t,z]=ode23('dfunc1', tspan, z0); 
  



figure(1); 
subplot(1,3,1) 
plot(t,z(:,1)) 
xlabel('time') 
ylabel('displacement') 
grid on 
  
% plot velocity result 
%figure(2); 
subplot(1,3,2) 
plot(t,z(:,2)) 
title([' RUNGE-KUTTA NUMERICAL INTERGRATION SOLUTION   ','\mu =' 
num2str(mu)]) 
xlabel('time') 
ylabel('velocity') 
grid 
  
% Phase plot displacement Vs. velocity 
%figure(2); 
subplot(1,3,3) 
plot(z(:,1),z(:,2)) 
xlabel('displacement') 
ylabel('velocity') 
grid 
  
 

 
% dfunc1.m 
function f = dfunc1(t,z) 
  
%Input Data------------------------------------------------------------
---- 
m=10;                   % mass 
k=200;                  % stiffness 
mu=0.5;                 % dry-damping coefficient 
g=9.81;                 % gravitational acceleration 
%======================================================================
===     
  
f=zeros(2,1); 
f(1)=z(2); 
f(2)=-mu*g*sign(z(2))-k/m*z(1); 
  
%continue 
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% dfunc1.m 
function f = dfunc1(t,z) 
%Input Data------------------------------------------------------------
---- 
m=5;                  % mass 
k=10;                   % stiffness 
cv=1;               % viscous damping 
 
dt=0.01;                % integration time step size 
n=7500;                  % number of points 
tmax=dt*n;              % max. time 
tspan=[0:dt:tmax];      % integration time interval from t=0~tmax 
 
F=10*cos(5*t); 
%======================================================================
===     
 
f=zeros(2,1); 
f(1)=z(2); 
f(2)=F/m-cv/m*z(2)-(k/m)*z(1); 
 
%continue 
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% Exercice 13 
clear all 
clc 

  
k=40e3; 
zeta=0.1; 
L=6; 
Y=0.05 

  
m=[600;1000]; 
v=[10;50;100]*1000/3600; 

  
for i=1:2 
    M=m(i); 
    omega_n(i)=sqrt(k/M); 
    for j=1:3 
        V=v(j); 
        Omega(j)=2*pi*V/L; 
        r=Omega(j)/omega_n(i); 
        H_m=1/((1-r^2)^2+4*zeta^2*r^2)^0.5; 
        X(j)=Y*sqrt(1+4*zeta^2*r^2)*H_m; 
    end 

     
    X_amp(:,i)=X; 
end 

     

  
X_amp 

  
V=v*3600/1000; 
plot(V,X_amp(:,1),'-rs',V,X_amp(:,2),':bs') 
ylabel('Amplitude, |X| (m)') 
xlabel('Velocity V (km/hr)') 
legend('\omega_n=8.1650 rad/sec','\omega_n=6.3246 rad/sec') 
grid on 

  
data=[Omega' X_amp] 



Calculations Check for m=600 kg, v=10 km/hr 

>  

>  
>  
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MATLAB  

clear all 

clc 

M=[10,100]; 

k=100; 

g=9.81; 

L=5; 

c1=0.5;     % initial conditions 

c2=c1; 

t=0:0.1:10; 

  

%===============================================================

=========== 

for j=1:2 

    m=M(j); 

    omega = sqrt(((1/2)*k*L^2-m*g*L)/(m*L^2)); 

    term=((1/2)*k*L^2-m*g*L)/(m*L^2); 

    lambda_1 = i*omega; 

    lambda_2 = -i*omega; 

  

    theta = c1*exp(-lambda_1*t)+c2*exp(-lambda_2*t); 

    %theta=c1*exp(-i*sqrt(((1/2)*k*L^2-m*g*L)/(m*L^2))*t)... 

    %      +c2*exp(i*sqrt(((1/2)*k*L^2-m*g*L)/(m*L^2))*t); 

    theta_1 = c1*exp(-lambda_1*t); 

    %theta_1=c1*exp(-i*sqrt(((1/2)*k*L^2-m*g*L)/(m*L^2))*t); 

    theta_2 = c2*exp(-lambda_2*t); 

    %theta_2 = c2*exp(i*sqrt(((1/2)*k*L^2-m*g*L)/(m*L^2))*t); 

    if term < 0 

        fprintf('\n UNSTABLE SYSTEM\n') 

        figure(1) 

        subplot(311) 

        plot(t, theta_1) 

        xlabel('Time t, sec') 

        ylabel('Response \theta_1(t)') 

        grid on 

        title('UNSTABLE SYSTEM \omega_n < 0') 

        subplot(312) 

        plot(t, theta_2) 

        xlabel('Time t, sec') 

        ylabel('Response \theta_2(t)') 

        grid on 

        subplot(313) 

        plot(t, theta) 

        xlabel('Time t, sec') 

        ylabel('Response \theta(t)') 

        grid on 



    elseif term >0 

        fprintf('\n STABLE SYSTEM\n') 

        figure(2) 

        subplot(311) 

        plot(t, theta_1) 

        xlabel('Time t, sec') 

        ylabel('Response \theta_1(t)') 

        grid on 

        title('STABLE SYSTEM \omega_n > 0') 

        subplot(312) 

        plot(t, theta_2) 

        xlabel('Time t, sec') 

        ylabel('Response \theta_2(t)') 

        grid on 

        subplot(313) 

        plot(t, theta) 

        xlabel('Time t, sec') 

        ylabel('Response \theta(t)') 

        grid on 

    end 

end 
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INVERTED PENDULUM STABILITY PROBLEM 
 
>  

 

>  

 

 

 

>  

 

>  

>  

 

 

 

 

 

>  

 

>  

 

 

>  

 



>  

>  

 

 

 

 

 

>  

 

>  

 

 

>  

 

>  

 

 







> restart; 
> x:=X[0]*cos(Omega*t-phi); 

:= x X0 ( )cos  − Ω t φ  

> v:=diff(x,t); 
:= v −X0 ( )sin  − Ω t φ Ω  

> f:=F[0]*cos(Omega*t); 
:= f F0 ( )cos Ω t  

 

> eq:=simplify(f*v); 
 := eq −F0 ( )cos Ω t X0 ( )sin  − Ω t φ Ω  

> int(eq,t); 

F0 X0 Ω ⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ + 

1
2 ( )sin φ t

1
4

( )cos  − 2 Ω t φ
Ω  

> Exp:=int(eq,t=0..2*pi/Omega); 
Exp F0 X0 ( )sin φ π 2 F0 X0 ( )cos φ ( )cos π 4 2 F0 X0 ( )cos φ ( )cos π 2 +  −  := 

2 F0 X0 ( )sin φ ( )sin π ( )cos π 3 F0 X0 ( )sin φ ( )sin π ( )cos π +  − 

 

> cos(pi):=1;sin(pi):=0; 
:= ( )cos π 1  

:= ( )sin π 0  

> Exp; 
F0 X0 ( )sin φ π  

 






