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Summary of Results:

Critically-Damped Systems

2
When [zi) _k 0 (equivalent £ =1 or c=c,), the characteristic equation
m m

has repeated real roots. The displacement solution for this kind of system is,

x(f) = ('51 +eof )e_m”t

= x(f) = o0t [xg +(v0 —+ oy X )f.]
The critical damping factor ¢, can be interpreted as the minimum damping that
results in non-periodic motion (i.e. simple decay).

Underdamped Systems

2
When [?C—] Jk <0 (equivalentto & <1 or e<c,), the characteristic equation
m m

has a pair of complex conjugate roots. The displacement solution for this kind of
system is,

[—c+s 1-¢2 ]wnr
x{f)=ce

T

=g Cut [@) cos{wge)+d sin{wgt )|

+cqe

= x(t) = g0 X cos (mdi)—l-————vﬂ +oonp g (&Jdi)}
Exponentially . 2d =
decay Periadic motion

An alternate but equivalent soiution is given by,

x() = Ay el oo (wgz~ )

y - e e
Faponertially  pedadic
decay



Overdamped Systems

2
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MATLAB INPUT CODES

Analytical Solution:

% ME-400

% Free Vibration for Viscous Damping.
clear all;

clc;

%This program solves the ODE of the Free-Vibration-Viscoulsy-Damped
% system analytically.

%Input Data--—---—---———————"—"——"—"—"—"—"—"—

m=200; % mass
k=1000; % stiffness
c=100; % damping

% set initial conditions

X0 = 5.0;

vo = 1.0;

dt=0.05; % integration time step size
n=400;

tmax=dt*n;

t=[0:dt:tmax];

%

%Main Program
%ANALYTICAL SOLUTION

% Response characteristics
omega=sqrt(k/m);
cc=2*m*omega;

ci=c/cc;

if ci==1;
disp("Critically Damped System...")
gammal=omega*ci ;
gamma2=omega*ci ;
cl=xo;
c2=vo+omega*xo;
x=(cl+c2*t)*exp(-gammal*t);
dx=-gammal*exp(-gammal*t)*(cl+c2*t)+c2*exp(-gammal*t);

elseif ci>1;
disp("Overdapmed Damped System...")
gammal=omega(ci+sqrt(ci™2-1));
gamma2=omega(ci-sqrt(cin™2-1));
cl=-(xo*omega*(ci-sqrt(ci”"2-1)+vo))/(2*omega*sqrt(ci™2-1));
c2=(xo*omega*(ci-sqrt(ci™2-1)+vo))/(2*omega*sqrt(ci™2-1));
x=cl.exp(-gammal*t)+c2.exp(-gamma2*t) ;
dx=-gammal*cl*exp(-gammal*t)-gamma2*c2*exp(-gamma2*t) ;



else ci<l;
disp("Underdamped Damped System...")
%gammal=omega(ci+i*sqrt(1-ci™2));
%gamma2=omega(ci-i*sqrt(1-ci™2));
%cl = 1/2*sqrt(1-ci”2)*(omega*ci*xo-omega*sqrt(l-
cin2)*xo+vo)/(omega*(-1+ci™2));
%c2 = -1/2*(omega*ci*xo+omega*sqrt(l-ci”™2)*xo+vo)*sqrt(1l-
cin2)/(omega*(-1+ci™2));
%x=cl.exp(-gammal*t)+c2.exp(-gamma2*t) ;
%dx=-gammal*cl*exp(-gammal*t)-gamma2*c2*exp(-gamma2*t) ;
% or
omega_d=(1-ci™2)~(1/2)*omega;
cl=xo;
c2=(vo+ci*omega*xo0)/(1-ci™2)~(1/2)/omega;
x=exp(-ci*omega*t).*(cl*cos((1-ci™2)"(1/2)*omega*t). . .
+c2*sin((1-ci™2)N(1/2)*omega*t));
dx=-ci*omega*exp(-
ci*omega*t) .*(cl*cos(omega_d*t)+c2*sin(omega_d*t))...
+exp(-ci*omega*t) .*(-
cl*sin(omega_d*t)*omega_d+c2*cos(omega_d*t)*omega_d);
end

z(:,1)=x;
z(:,2)=dx;

figure(1);
subplot(1,3,1)
plot(t,z(:,1))

xlabel ("time")
ylabel("displacement®)
grid on

% plot velocity result

%Figure(2);

subplot(l,3,2)

plot(t,z(:,2))

title([® ANALYTICAL SOLUTION ", "\zeta =" num2str(ci)])
xlabel ("time*")

ylabel ("velocity®)

grid

% Phase plot displacement Vs. velocity
%Figure(2);

subplot(1,3,3)

plot(z(:,1),z(:,2))

xlabel ("displacement®)

ylabel ("velocity™)

grid

(end of analytical solution)



MATLAB INPUT CODES
Numerical Solution:

Main Program: Free_Vib_Viscous.m

% ME-400

% Free Vibration for Viscous Damping.
clear all;

clc;

%This program solves the ODE of the Free-Vibration-Viscoulsy-Damped
% system numerically.

%Input Data--—---—----————-————"——"—"—"—"—"—

m=200; % mass
k=1000; % stiffness
c=100; % damping

% mass, stiffness, damping ==> dfuncl.m 1ITIIDIIMPORTANTIIEEIITEI
% set itegration parameters

dt=0.05; % integration time step size

n=400;

tmax=dt*n;

tspan=[0:dt:tmax]; % integration time interval from t=0~tmax

% set initial conditions
X0 = 5.0;

vo = 1.0;

z0=[xo,vo0];

%

%Main Program

%NUMERIACL SOLUTION

% Solve ODE (eqt. of motion) using Runge-Kutta method
[t,z]=0de45("dfuncl®, tspan, z0);

% results are returned in an array z, where

% z(:,1) is the displacement vector

% z(:,2) is the First order time derivative of disp, i.e., velocity
% plot displacement result

% Response characteristics
omega=sqrt(k/m);
cc=2*m*omega;

ci=c/cc;

it ci==1;

disp("Critically Damped System...")
elseif ci>1;

disp("Overdapmed Damped System...")



else ci<1;
disp("Underdamped Damped System...")
end

figure(1);
subplot(1,3,1)
plot(t,z(:,1))

xlabel ("time")

ylabel ("displacement®)
grid on

% plot velocity result

%Figure(2);

subplot(1,3,2)

plot(t,z(:,2))

title([" RUNGE-KUTTA NUMERICAL INTERGRATION SOLUTION ","\zeta ="
num2str(ci)])

xlabel ("time")

ylabel("velocity®)

grid

% Phase plot displacement Vs. velocity
%Figure(2);

subplot(1,3,3)

plot(z(:,1),z(=,2))

xlabel ("displacement”®)
ylabel("velocity®)

grid

Function dfuncl.m

% dfuncl.m
function f = dfuncl(t,z)

%Input Data----———-------"—"--——

m=200; % mass
k=1000; % stiffness
c=100; % damping

%

f=zeros(2,1);

T(1)=z(2);
F(2)=-c/m*z(2)-k/m*z(1);

%return

% Response Characteristic
omega=sqrt(k/m);
cc=2*m*omega;

ci=c/cc;
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Response with Coulomb Damping

The equation of motion is nonlinear with Coutomb damping, while it is linear
with viscous damping

The natural frequency o, =, {% of the system is unaltered with the addition of

the Coulomb damping, while it is reduced @, = /(1— &%), (damped frequency)
with the addition of viscous damping

The motion is periodic, the object in the system is vibrating back and forth around
an equilibrium point

In each successive cycle the amplitude of the motion is reduced by 4 zm% so the
amplitudes at the end of any two consecutive cycles (27 / m, ) are related by

Xm =Xm—l_4—/';:n—g_-

The amplitude reduces linearly with Coulomb damping, while it reduces
exponentially wit viscous damping
_2umgo,
7k

The position where the object stops, or its equilibrium position, could potentially
be at a completely different position than when initially at rest because the system
is nonlinear.
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Coulomb Damping

RUNGE-KUTTA NUMERICAL INTERGRATION SOLUTION  =0.5
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% ME-400

% Free Vibration for Coulomb Damping.

clear all;

clc;

%This program solves the ODE of the Free-Vibration-Coulomb-Damped
% system numerically.

%Input Data--—-------——-—-———-—"——"—"—""—"—"—

m=10; % mass
k=200; % stiffness
mu=0.5; % dry damping coefficient

% mass, stiffness, damping ==> dfuncl.m 1IITIDIIMPORTANTIIEEIETNI
% set itegration parameters

dt=0.05; % integration time step size

n=160;

tmax=dt*n;

tspan=[0:dt:tmax]; % integration time interval from t=0~tmax

% set initial conditions
X0 = 5.0;

vo = 0.0;

z0=[xo;vo];

%

%Main Program

%NUMERIACL SOLUTION

% Solve ODE (eqt. of motion) using Runge-Kutta method
disp("Numerical Integration...")
[t,z]=0de23("dfuncl®, tspan, z0);



Ffigure(1);
subplot(1,3,1)
plot(t,z(:,1))

xlabel ("time")

ylabel ("displacement™)
grid on

% plot velocity result

%Figure(2);

subplot(1,3,2)

plot(t,z(:,2))

title([" RUNGE-KUTTA NUMERICAL INTERGRATION SOLUTION ","\mu ="
num2str(mu)])

xlabel ("time")

ylabel("velocity")

grid

% Phase plot displacement Vs. velocity
%Figure(2);

subplot(l,3,3)

plot(z(:,1),z(:,2))

xlabel ("displacement®)
ylabel("velocity")

grid

% dfuncl.m
function ¥ = dfuncl(t,z)

%Input Data-----———————————————

m=10; % mass

k=200; % stiffness

mu=0.5; % dry-damping coefficient
g=9.81; % gravitational acceleration

%

f=zeros(2,1);

T(1)=2(2);
f(2)=—mu*g*sign(z(2))-k/m*z(1);

%continue
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Exercice 11, Analytical Solution

Time, sec.

40 50 60 70 80
Time, sec.
i

30

20

I
=0.0871m

Amp

oH

w (1%

30 40 50 60 70 80
Time, sec.

20

10

Exercice 11, Numerical Solution

w (¥)x

80

20 40 50 60
Time, sec.

10



% dfuncl.m
function f = dfuncl(t,z)
%Input Data----—————---—-—"———— -

m=5; % mass

k=10; % stiffness

cv=1; % viscous damping

dt=0.01; % integration time step size

n=7500; % number of points

tmax=dt*n; % max. time

tspan=[0:dt:tmax]; % integration time interval from t=0~tmax

F=10*cos(5*t);
%

f=zeros(2,1);

T(1)=2(2);
F(2)=F/m-cv/m*z(2)-(k/m)*z(1);

%continue
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$ Exercice 13
clear all
clc

k=40e3;
zeta=0.1;
1L=6;
Y=0.05

m=[600;1000];
v=[10;50;100]*1000/3600;

for i=1:2

M=m (1) ;

omega n(i)=sqrt (k/M);

for j=1:3
V=v(Jj);
Omega (j) =2*pi*V/L;
r=Omega (j) /omega n(i);
H m=1/((1-r"2)"2+4*zeta”2*r"2)"0.5;
X(J)=Y*sqrt (1+4*zeta”2*r"2)*H m;

X amp

V=v*3600/1000;

plot(V,X amp(:,1),'-rs',V,X amp(:,2), " ':bs")
ylabel ('Amplitude, [X]| (m)")

xlabel ('Velocity V (km/hr)")

legend('\omega n=8.1650 rad/sec', '\omega n=6.3246

grid on

data=[Omega' X amp]

rad/sec')



Calculations Check for m=600 kg, v=10 km/hr

> restart,
> with(MTM) :

L == 6;pi == 3.14156;; V := 10; Y := 0.05;xi := 0.1; m := 600; k := 40e3; Omega

_( 7-1000
2"”’[ 3600 ]’1

= ; omega[n] == sqrt[ k ); ¢ = 2-xi-m-omega[n]; r

L m
.- _Omega
omega[n]’
L:=6
n:=3.14156
V=10
Y :=0.05
£:=0.1
m =600
k :==40000.
Q:=2.908851852
® = 8.164965809
¢:=979.7958970
r:=0.3562601387
(k - m-Qz) + (c-Omega)? (k - m-QZ) + (c-Omega)?

X Y:=1.144410299 — 0.011785336661

> RE = Re(X Y);
RE :=1.144410299

> IM:=Im(X Y);

IM :=-0.01178533666

> Amp = sqrt(RE* 4+ IM?); Phi := atan[%];
Amp = 1.144470981
® :=-0.01029781021

> convert(X_Y, polar);

polar(1.144470981, -0.01029781021)

> X := Y-Amp;

X :=0.05722354905
> Hom=1/((1-72)"2 + 4% *2) 70,5,

H m:=1.141576841
> X = Y*sqrt(1 + 4*xir2* " 2) *H m;

X :=0.05722354902
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Example: (Wind Turbine)

A three-bladed wind turbine has small unbalanced mass m located at a
radius r in the plane of the blades. The blades are located from the central
vertical y-axis at a distance R and rotate at an angular velocity of «. If the
supporting truss can be modeled as a hollow steel shaft of outer diameter
0.1 m and inner diameter 0.08 m, determine the maximum stresses
developed at the base of the support (point A). The mass moment of inertia
of the turbine system about the vertical y-axis is Jo.

Assume R=0.5 m, m=0.1 kg, r=0.1 m, J,=100 kg-m?, h=8 m, and o =31.416
rad/sec.

A

WS I et R IR E LGS




ME ~Hoo

N I S N Y
L,

E xercice i ™M
————
A

Wzt

T -

;4A

B Torce ueatrd \of.a wnbalavce wass wa

—+} 1

= \':r\f?w ,m(w{r\
mawt ws(wt)

Lo _Mc:v_.aonih;de = \E_\_ - Fyé_f [SSECE

= wa w?

=

FB@-Y\OLQ;\% s“ﬁesg C.L.‘Yf po ,m* A

]

w here Mg = \E‘R = waw R
c = O\q/z. (“\N \DQHOQ-WL% sbiom ot

deen

Sw\éoue <’§ Bedwx % ') B

J"M”

. lLb . dy = WA wiR (d"/Z) D ,I.JI;__?,5,(2Qme.}_
A L (A“ 45

( con\\u\ufg V\Q&“' Poge ..‘_)



ME ~-Goo

8

Steess due Yo toeson at Pa_mﬁ:&?‘,\ ,

T = LR = M%Cdf[?f)

T | n (da )

= c’}...mlz‘wR(CMZl
I, ()

hﬂ% ?

A Thes, .e.zcamel.@... s o %OQQX ?\u&*ms‘bv\ 8@R s*@ud‘kma cﬂymm:s
1lin ofhed wads. ._.%mdm% e sheres indwceot ‘o% the W\ojhow/
4.\Ix.\aizo&\‘c)n% 05 a sﬁuc\’wa\ 3%Ek‘ew\



HE- Y€O

o the sgstem and indeperder

‘ ASSW\W\% "‘rir\e SOQIUL l)((i—)- ce t..

1 2 S+CL\D\Q.L}% 9\@55‘5 aval Seig-gxci‘\ai\b\r\

"T\\e 80209. a.c\‘w\% OGN O \n\oRaShnCé s sk‘ew\ 9 u.sua\\% ‘22(%‘@‘1“&?
Gg\v\\e wohaw. Howevex,
There are 535&‘@4“5 go(z \w\uc_\f\“'\\e e&a\\w\% goece s o

. gumc‘\cm cﬁ Fhe \N\O\hd\/\ sadh as g \ace\N\QU’T ve\oa“ﬂs SR

; accelepason . Swekn s%s\*ew\s are m\eejl seig exced
1 $%st‘€\N\s sm@ the wohow \*se\g Feoo\uw fre e&u\\v\% gc_prec_e-

i i Tir\éi NLSBTG\b \\\'\3 og Eo\*o\w\% s\o&k\s 3\\'9'%\ ﬁ Mw%sfa\ﬁgo\fs

S\G\M W\M \n\smﬂ\o\n cg P Pes , axd Yhe adewmon \e w\xee,k
5\\4\!\&\1\«% aNe Jr)z(ata ezqaw‘:es og &7@\3 ech\‘eoj 5’88\"@\!\(\&

2.0 Duvawie shabil % %m\ﬁm

.éc."@'(\s‘scjéﬂim% re go\\ou_iv_ug eq}m\v\n og woRow,

1«\(\ Kt Cx +RX =@

| ) i&\os\\jvu\w% e Hhe eq,m‘\ow 08 'wxo\\‘ovx

b et [’%w\ 'P\C.'\-h] =0

, T\\e akaove c-zqrx.tcl\\ov\ U3 ga\sgxeol (3«8

e - = TRIVIAL SoLuTiol
MN—e X+l -0 2 CHARACTERISTiC EQUATION




ME ~4oO

| The ‘?oa\fﬁ 03 e cMmﬁ‘e&\S \\\C‘ _eoruoc\\‘a\c.\ are

.T\rxe ,,CQ.SSQQ_\&\(\EA saQ.g}.\&m\r_\ X =< «:T"_.t_ _becownes

N e e
| x() = T,  tcore | =ae. T tee 074

{Frow Ythe above ec%ua\u‘o\l\ W com be conduder il
@. The wabon x® will be cj\we&ch«u% 15 e and N are
- real asnd .V\e%m_g%ue( mohow = divergug t_@?gw‘c?ciiQ |

BN D

| , @ T\\e R\o\w.om_ K(iﬁw\\ aso .é\‘@_&%e 13 Neand Xy age
cownplex .c.@\f\(su%a\‘e_s_ wn ne_%a\%.we, aea..\?mks. L

__ ( Conbnues wext page ...y




ME -Yoo

£ xeRcice WY I\f\ﬁaﬁ?\i%‘é 03 o Spring: Sugporz\‘ec:‘_ Hass ow ﬂo\r\'\(\aé Belb.

%M—w_ E; V- Bells velg c)h-é
) )

i _ L melt
1A sscomne gmd\‘ov\ coeg S,L'c,kqv\'\‘ behweew bloch ard el Yo he

. ﬁ,\'\:e\r\_ \0(25 '

= tos -

whee

(L

L5

e %m_e‘f\"ovx w@& 31&(-@\&15"
J < Coh&j‘;‘a\t\\‘ .
U = m\o\sm% \x-e.\o C,}r%

gl

Kinewahes & _ . o
o= V=x :_LB@H‘\IQ\OCA‘;S ~ Blech \Jdoeiha} |

Y DA m————

o let wus wm“@ H\e Qﬂi,ua\'we\r\ c% moNow @(? é-\\e \a\cx:, o
gn@\m ths egfm&%mum pos\\\\ev\

14"
Theph kbedeTY | = | e
_
AN

b kg +X%)t uN = 0

D —R¥ + mguzO
I = ~k¥Xs + ! [/us‘-cu-]
i; = k% + M%[/US"’ e(V )601 Xo = E\_g__[/us~c\/]




He -Yoo
| The eq,uaM\ 05 woNen Qo gn.ee wieahow caw be wettewas,
I Zfhzwx ~R(K+Kc)*r/uk\ = Wk . .
N D = h{ X+__%_I%-<V]§ + M%Ly{ w] = WX
=> ~RX + mgeV - mgeu = X
D). —Rkx 4+ wx%c.(\!'cr) = X . using raV- XD XVmur

. .

“mmiewgpkkhnaow_mwmmmmmm__“mm

whae Mnac is the o‘cm\gs g cge&g,&aev}& ALS) Shv\% -
S/LO"WL Yre %uc}\o\n A \)Q&V\% W gwwz TN cg
the wolen,. 3 | ,‘

V —\\e 5a\¢\\em ) -\*\\e o&;c\se d\;.ggete\x\\\a\ eq,wok\\e\:\ % w\o&\@n iss

@‘\ssume x[& =Z e EI

@ SQJD-SM‘Q}e W\B TOM Cttg.uadxon dg Mokew)
2™t [ wN rmgenr vk =0

@ C-\xarwtc;\‘ems ke t wabon ..

e

__’>~(_~~l~>*f“ .

Zoen

1 Cwhae (b= mgc
A= w
b=b-Yac = @xgc,‘)?'- YR




ME - Yoo

. T\\e "k.\.\@ woh 08 *31\@ c\uﬁ&c\’émﬁ\'fd c—z(‘.‘_u_&\ﬁ\@\!\ owe |

Nz o= ';“‘%C_ rﬁw‘%&'q“\a |

AN

=>' e = —%f_t\)(%"—th |

The asswmed soluhon X(8) becowes,

ot o PR EETE  pp e
= &, _ :

, x(é'): _C.é t &

= WJC +.Z e. thk

<t

D | x@) = e%_ {c,e
e

tomt

| Teow femt wthe abewe eovu_og)ﬁev\_ it can be. seenm. Wa\f x(&)
I wall inoease with Swe W\a\m\\r\% the s%a\“ewi&lN‘STﬁ%_LE.'.-




ME -Yo O

EXeRcie - C@

I}

C/ &wim’f&f’v% - i,g@l” .......
. QELZH@ = Yo (wv\ Y Ro\asncm cnlwu’\ pmm‘ﬁ@)

=Dy wm%LS.nQ 3 be 1— COSE = Teo X. wm_i;:;;__

.32 Eﬁ;mmkﬁ@%\m e _
Frow Yhe Riaupe x- Lsiv®
39 E

0. 0| x |« &az w(”‘""j@)

 lrswirwsjo | L3N
jﬂ@ \!e’c!@ﬁi (;?g) moLc_a\‘es o PoSche Eo\a\\ov\ %@m% Cou\r\\fe‘?ﬁ‘
clodhwise. However, on the Fyuee we assuwved ot clochuise
ﬁO\*CdﬂC)V\ As Remﬁ egr\ G Yecowme

/50 B wwso
.CKA‘"CLQ*O\XR\\/@ bOﬁ/t\/o. R

-3

_ «-.M%Lﬁin_@___-h_\? L sw®.cas® = - I@@ .
Z

8 < Woo

For ESW\Q\\ .:Od\%\e S o iswaf r B
‘g_ cas @ > L




ME-uoo |

The er.ucxlvics'n og wohon becowes

. k L*

R L @_W\QL_ & _:-:___[Oé
ya

o TE (kL)oo
2

Ié T = w|® , tHhe ec:vTucxfg\’csm c;fg o hon con be reweithenos

g @"F Cf);ﬁ:(.‘)f

| where W = REA-mgl
o wkE

N

, ss'sca'n 3(39@\(33 N Epmg_L
2

i o - o T ﬁi
1 (;a;? HAszawe 8 8, ‘

02&_“@ o\e““#
O = &, A\ e “t

Y & & N SR im .‘.\.“ i ) P o .
g\ % P .j;bﬁg rg "{”g,%eg UL gﬁ; ¥ Lo £ = [

Ot Wy =0 =p &@W£D#4a@};:0

| The aboye eqrua‘\@tr\ 'S sal\\%g«\?c& \g ard @ V\\% é?

*'?*QE R S
. ?‘90 < < Tewial Sl ’&‘é@mk

| '7\2+w.9“<9 = ’>\-+qu@

i9(-&) = ue_{"'*)"t + Chlz em%f& {




1 -Twe. k _ . L.U@A'E}

LoR é@c{:) = 2, e t S, e

. vt |
Ig Wwo £ O =p Q(é)r'c_‘-c,; ¢ T Co e'%’t

s i ©(L) = 9O

t

T

Q{Wl N I 4
€ - 00

: &W.Ci.e%t = OO )
~wpt Loy g

Lo the ‘_’aﬁ@\u\\"cw\ OEN@R%GPS_ as ‘k meRease =p ONSTABLE.

| o IR
3:3--- woyo = 0wy =2, i
1

1 U\“\Q\n F\O\"n i\% CGW\P]QK %uﬂc\\_cﬁﬂs I\ U;\DFZCISNO\’\S_ QY\\%A_\\Q

ég__(r‘:ea_.\ Pcuzir_ 's o8 i Feres b | __?ecal\ih% the Euler s rela hong

_%eio T o5 tisn @
&

e - AQ — (5@

] @L@\ = (E|'¥ g‘z\ cos & + (&",-C;g).:s}m@, i

R WS s e

Al (ﬁu{}x e szh%
- &

Reold

So when we>0, the mesporse 9(€) is hanmonre with
CLW\P\JT(ClQ E:‘*’r EZJ ==y 57}\’3L€



Response ez(t) Response el(t)

Response o(t)

2 UNSTABLE SYSTEM®» <0
10 x 10 n

0 1 2 3 4 5 6
Time t, sec

o
o1

10

o ©
w O~
—

/

/

0 1 2 3 4 5 6
Time t, sec

x 10

10

0 1 2 3 4 5 6
Time t, sec

10



Response ez(t) Response el(t)

Response o(t)

STABLE SYSTEM o, > 0

Time t, sec

0.5 /\
o / \ ,
./
0 3 4 5 6 10
Time t, sec
0.5 /\
0 / \ ,
./
0 3 4 5 6 10
Time t, sec
1
\\ /
| [\ /
-0.5 / \
-1
0 3 4 5 6 10




MATLAB

clear all

clc
M=[10,100];
k=100;
g=9.81;
L=5;
cl=0.5; % initial conditions
c2=cl;
t=0:0.1:10;
for j=1:2
=M(3);
omega = sqrt (((1/2)*k*L"2-m*g*L)/ (m*L"2));
term=((1/2) *k*L"2-m*g*L) / (m*L"2) ;
lambda 1 = i*omega;
lambda 2 = -i*omega;

theta = cl*exp(-lambda 1*t)+cZ2*exp(-lambda 2*t);
Stheta=cl*exp (-i*sqrt (((1/2) *k*L "2-m*g*L) / (m*L"2)) *t) ...
% +c2*exp (1*sqrt (((1/2) *k*L"2-m*g*L) / (m*L"2)) *t) ;
theta 1 = cl*exp(-lambda 1*t);
$theta l=cl*exp (-i*sqrt (((1/2)*k*L 2-m*g*L)/ (m*L"2))*t) ;
theta 2 = c2*exp(-lambda 2*t);
$theta 2 = c2*exp(i*sqgrt(((1/2)*k*L"2-m*g*L)/ (m*L"2))*t);
if term < O

fprintf ('\n UNSTABLE SYSTEM\n')

figure (1)

subplot (311)

plot (t, theta 1)

xlabel ('Time t, sec')

ylabel ('Response \theta 1(t)")

grid on

title ('UNSTABLE SYSTEM \omega n < 0')

subplot (312)

plot (t, theta 2)

xlabel ('Time t, sec')

ylabel ('Response \theta 2(t)")

grid on

subplot (313)

plot (t, theta)

xlabel ('Time t, sec')

ylabel ('Response \theta(t)')

grid on



elseif term >0
fprintf ('\n STABLE SYSTEM\n')
figure (2)
subplot (311)
plot (t, theta 1)
xlabel ('Time t, sec')
ylabel ('Response \theta 1(t)")
grid on
title ('STABLE SYSTEM \omega n > 0'")
subplot (312)
plot (t, theta 2)
xlabel ('Time t, sec')
ylabel ('Response \theta 2(t)")
grid on
subplot (313)
plot (t, theta)
xlabel ('Time t, sec')
ylabel ('Response \theta (t)"')
grid on

end

end



MAPLE

> restart,
>
INVERTED PENDULUM STABILITY PROBLEM

> theta := c/-exp(-lambda[1]-7) + c2-exp( -lambda[2]-¢);
—klz —xzz
O:=cle +c2e

[1] :== omega-[; lambda[2] := -omega-F,

> omega = sqrt

> theta;
%kLZ—mgL %kLz—mgL
1) 1/ —— ¢
cle mi? +c2e mi?
> restart,
2
( kL _m.g.Lj
> m:= 10;k := 100; g := 9.81; L := 5; omega = sqrt 3 ;
m-L
m:=10
k=100
g:=9.8l1
L=5

o :=1.742985944

> theta := c/-exp(-lambda[1]-z) + c2-exp( -lambda[2]-¢);

—kl t -xz t
0:=cle +c2e
> A[1] == omega-[; lambda[2] := -omega-F,
7‘1 :=1.7429859441
7‘2 = -1.7429859441
> theta;

cl e71‘742985944lt 42 el.742985944lt



> restart,

72
[ kL _m.g.L]
> m:= 100; k :== 100; g := 9.81; L := 5; omega := sqrt 2
m-L
m =100
k=100
g:=9.8l1

L:=5
o :=1.2091319201
> theta := c/-exp(-lambda[1]-7) + c2-exp( -lambda[2]-¢);

-A, ALt

0:=cle ' +cle 2

> A[1] == omega-[; lambda[2] := -omega-F,
7‘1 = -1.209131920

7»2 :=1.209131920

> theta;
o] 1209131920 4 5 ~12091319201
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>restart;
> x:=X[0]*cos(Omega*t-phi);
X=X cos(Qt-¢)

>vi=diff(x,t);
vi==X,sin(Qt-¢)Q

> f:=F[0]*cos(Omega*t);
f:=F,cos(Qt)

>eq:=simplify(f*v);
eq :=—F,cos(Qt) X sin(QLt—-¢) Q

> int(eq,t);

FOXOQ(;sin(¢)t+i COS(th_‘I’))

>Exp:=int(eq,t=0..2*pi1/0mega);
Exp := Fy X, sin(¢) m+2 F X, cos(¢) cos(m)* — 2 F X, cos(¢) cos(m)?

+2F,X,sin(¢) sin(r) cos(m)® - Fo X, sin(¢) sin(m) cos()
>cos(pi):=1;sin(pi):=0;
cos(m) =1
sin(r) :=0

>EXp;
Fo X, sin(¢) m
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